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We investigate ladder determinantal varieties defined by ideals of minors of
Ž .possibly different sizes in the different regions the steps of one-sided ladders L.
These varieties are an important generalization of the classical ladder determinan-
Ž .tal varieties i.e., with equal-size minors since they are very closely related to
Schubert varieties, this being the first main result of this paper. We show that they
correspond to opposite cells in Schubert varieties in flag varieties of type A . Inn
consequence, one deduces the normality and the CohenMacaulayness of these
one-sided ladder determinantal varieties with ideals of mixed-size minors, as well
as the fact that they have rational singularities. Next we show that, up to products
by affine spaces, each of these varieties is a basic open set in a classical ladder
Ž .determinantal variety i.e., with equal-size minors and that it contains as a basic
open set another classical ladder determinantal variety. This result, along with a
general localisation lemma used to show it, enables us to compute the divisor class
group and singular locus of the coordinate rings of these varieties, as well as to
determine when they are Gorenstein.  2000 Academic Press
INTRODUCTION
In this article, we study the following class of ladder determinantal
varieties, which are important because of their relation to Schubert vari-
eties.
 Let k be a field and X X an m n matrix of indeterminates. Ai j
one-sided ladder is a subset L X with shape as in the picture below, say
with h upper outside corners  , 1 i h, each determining a rectangu-i
Ž . hlar region L . Fix a sequence of positive integers t t , . . . , t   , andi 1 h 	
Ž .    let I L denote the ideal of the polynomial ring k L  k X  X  Lt i j i j
generated by the t -minors of X that are contained in the region L fori i
Ž . Ž .1 i h. We study the variety D L defined by I L , or equivalently,t t
Ž .   Ž .the coordinate ring R L  k L I L .t t
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  Ž . Ž .Classical determinantal rings k X I X , where I X is the ideali j t t
generated by t-minors of a rectangular matrix X for a fixed t, are
important objects in commutative algebra and algebraic geometry. These
rings were shown to be normal CohenMacaulay domains by Hochster
 and Eagon 13 . Svanes proved that they are Gorenstein if and only if X is
 a square matrix 25 , and Bruns determined that their divisor class groups
are free of rank one. Determinantal rings arise as rings of invariants of
linear group actions. The relation to invariant theory was explored by De
Concini and Procesi, who endowed them with the structure of algebras
 with straightening laws 7 . Classical determinantal rings have also been
studied by many others, beginning with Macaulay and including Eagon and
  Ž  .Northcott 8 who found their resolutions over k X and Abhyankar.i j
The first generalization of these rings, namely determinantal rings that
are defined by ideals generated by the minors of some fixed size in a
‘‘ladder’’ of indeterminates, was introduced by Abhyankar in his investiga-
tions into the singularities of Schubert varieties of flag manifolds. A
Ž .two-sided ladder is a subset L of a matrix X of indeterminates such that
every square submatrix of X is entirely contained in L if its skew diagonal
is contained in L. It is called a one-sided ladder if it only has one lower
corner. Two-sided ladder determinantal rings share many properties with
classical determinantal rings. They are know to be CohenMacaulay
   domains by results of Narasimhan 21 and Herzog and Trung 12 . Conca
 4, 5 showed their normality, determined their divisor class groups, and
gave a characterization of their Gorensteinness in terms of the shape of
 the ladder. In addition Conca and Herzog 6 prove that all ladder
Ždeterminantal rings in characteristic zero have rational singularities par-
 .tial results were shown earlier by Glassbrenner and Smith 10 .
The study of two-sided ladder determinantal rings is often reduced to
the one-sided case. In addition, many results are only known for one-sided
GONCIULEA AND MILLER106
 ladder determinantal rings. Such an example is the result of Mulay 19 ,
relating the corresponding affine varieties to Schubert varieties; a similar
result for the two-sided case is not known.
The next generalization is to consider determinantal rings defined by
minors of different sizes in certain subregions of a generic matrix or
ladder. These subregions are blocks of consecutive columns which begin
with the first column or blocks of consecutive rows which end with the last
row. In the full matrix situation these ideals are precisely the ideals
cogenerated by fixed minors; they are also ideals of open cells of Schubert
varieties in Grassmanians. Ladder determinantal ideals defined by mixed-
size minors in such regions were shown to be normal domains by Motwani
  Žand Sohoni 17 however, blocks of columns and rows were not considered
.simultaneously . They also determined the divisor class group for one-sided
 one-corner ladders 18 .
 In the one-sided case, Gonciulea and Lakshmibai 11 showed that the
varieties in this more general case are related to Schubert varieties; hence
one deduces that these varieties are irreducible, normal, CohenMacaulay,
and have rational singularities. In addition they found the irreducible
components of the singular loci of ladder determinantal varieties; conse-
quently they found irreducible components of the singular loci of those
Schubert varieties which come up in the above-mentioned correspondence
Ž .the case of an arbitrary Schubert variety is still an open problem .
The ladder determinantal varieties which we study in this paper are
another important generalization of the classical one-sided ladder determi-
nantal varieties with equal-size minors since they are also related to
certain open subsets of Schubert varieties; this is one of the main results of
this paper. We show that these varieties correspond to opposite cells in
Schubert varieties in flag varieties of type A . In consequence, onen
deduces the normality and the CohenMacaulayness of these one-sided
ladder determinantal varieties with ideals of mixed-size minors, as well as
the fact that they have rational singularities. We also show that up to
products with affine spaces each of these varieties is a basic open set in a
Ž .classical ladder determinantal variety i.e., with equal-size minors and that
it contains as a basic open set another classical ladder determinantal
variety. This result, along with a general localisation lemma used to show
it, enables us to compute the divisor class group and singular locus of these
varieties, as well as to give a characterization of when they are Gorenstein.
In fact, there is a more general class of one-sided ladder determinantal
 varieties, which includes the class considered in 11 , as well as the one
considered in this paper. The same methods would yield similar results for
the varieties of this more general type. These more general one-sided
ladder determinantal varieties are obtained by replacing the rectangular
Žregions L , 1 i h, above which were determined by the unique loweri
MIXED LADDER DETERMINANTAL VARIETIES 107
.left corner and the upper outside corners of the one-sided ladder L by
rectangular regions determined by the lower left corner and arbitrary
Ž .points on the upper side of the ladder except the inside corners .
The ideals of the more general one-sided ladder determinantal varieties
mentioned above are the analogue of ideals cogenerated by some fixed
Ž .minor in a full matrix of indeterminates. Under this analogy, the subclass
of ladder determinantal varieties studied in this paper corresponds to the
classical determinantal varieties since both of these are the special case
where the regions are determined by upper outside corners and the lower
left corner.
The material in this paper is organized as follows. In Sections 1, 2, and 3
we review generalities on Schubert varieties. Specifically, Section 3 pro-
Ž .vides the background on Schubert varieties in SL n Q that is needed for
Section 4, and Sections 1 and 2 give the necessary preliminaries for Section
3. In Section 4 we define the class of ladder determinantal varieties which
we study, determine their dimensions via Grobner basis techniques, and¨
bring out their relationship with Schubert varieties. The results in this
section, as well as the techniques used in proving them, are similar to
 those for the class of varieties considered in 11 , even though the class of
varieties studied here is neither more nor less general than the one
considered there. Sections 5 and 6 are more algebraic in nature and can be
read independently of the previous ones. Section 5 contains some localisa-
tion lemmas for the ladder determinantal rings of these varieties. In
Section 6, we use these lemmas to determine the divisor class groups and
singular loci of these rings and to give a criterion for Gorensteinness in
terms of the shape of the ladder. In Section 5 we also give another
consequence of the localisation lemmas, namely that these varieties can be
realized as basic open sets of classical ladder determinantal varieties.
We briefly describe the basic notation which we shall use, although
some further notation will be described along the way. Let k be an
algebraically closed field of arbitrary characteristic. Let X be a matrix of
indeterminates, and L X a one-sided ladder determined by the outside
corners  , 1 i h, as in the picture above. Let L be the set ofi i
indeterminates of X which are contained in the rectangle determined by
  and the lower left corner of X. Let k L denote the polynomial algebrai
Ž . L in the indeterminates contained in L, and let  L  be the associ-
Ž . h Ž .ated affine space. Fix t t , . . . , t   and let I L denote the ideal1 h 	 t
 of k L generated by the t -minors of X which are contained in L ,i i
Ž .   Ž . Ž .1 i h. Let R L denote the quotient ring k L I L . Let D L 
t t t
Ž . Ž . Ž . Ž L denote the variety defined by the ideal I L . We call D L resp.t t
Ž .. Ž .R L the ladder determinantal ariety resp. ring associated to the one-t
sided ladder L.
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1. SCHUBERT VARIETIES IN GQ
In this section, we briefly review the generalities on Schubert varieties in
 GQ. For details, we refer the readers to 1, 14 .
1.1. Let G be a semisimple and simply connected algebraic group
defined over an algebraically closed field k of arbitrary characteristic. Let
T
G be a maximal torus, and B T be a Borel subgroup. Let W
Ž Ž . .N T T be the Weyl group of G. Let R be the root system of G. LetG
Ž 	. Ž .S respectively R be the system of simple resp. positive roots of R
relative to B. Let Q be a parabolic subgroup, Q B, with S as theQ
associated set of simple roots. Let W be the Weyl group of Q.Q
In each coset wW WW , there exists a unique element of minimalQ Q
Ž  . Qlength cf. 14 . Let W be the set of minimal representaties of WW .Q
1.2. Schubert Varieties. For wW, we shall denote the coset wQ in
GQ by e . The set of T-fixed points in GQ for the action given by leftw , Q
 Q4 Q Ž .multiplication is precisely e  wW . Let wW , and let X ww , Q Q
Ž .be the Zariski closure of Be in GQ. Then X w with the canonicalw , Q Q
reduced structure is called the Schubert ariety in GQ associated to wW .Q
 4If Q is a maximal parabolic subgroup with S  as the associated seti
of simple roots, we denote Q by P , and W , W Q by W , W i respectively.i Q i
Let Qk P . Note that wW Q is completely known by knowingi1 ai
w Žai., the element in W ai representing the coset wW , 1 i k. We recallai
Ž  .THEOREM 1.2.1 cf. 22, 23 . Schubert arieties are normal, Cohen
Macaulay and hae rational singularities.
1.3. The Big Cell and the Opposite Big Cell. The B-orbit Be in GQw , Q
Ž .w being the unique element of maximal length in W is called the big cell0
in GQ. It is a dense open subset of GQ, and it gets identified with
Ž .R Q , the unipotent radical of Q, namely the subgroup of B generated byu
 	 	4 Ž .U   R R , where for a root  R, U  denotes the root Q  a
Ž  . subgroup associated to  cf. 1 . Let B be the Borel subgroup of G
 4opposite to B, i.e., the subgroup of G generated by T and U   R .
The B-orbit Be is called the opposite big cell in GQ. This is again aid, Q
dense open subset of GQ, and it gets identified with the unipotent
   4subgroup of B generated by U   R R . Observe that both the Q
big cell and the opposite big cell can be identified with NQ, where
 	 	4N  R R .Q Q
Ž .  Ž .For a Schubert variety X w 
GQ, B e  X w is called theQ id, Q Q
Ž . Ž .opposite cell in X w by abuse of language . In general, it is not a cell. ItQ
Ž .is a nonempty affine open subvariety of X w and a closed subvariety ofQ
the affine space Be . Note that the big cell Be being a B-orbit hasid w , Q0
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Ž .empty intersection with any proper Schubert variety of GQ! We shall
 Ž . Ž .denote B e  X w by Y w .id, Q Q Q
As a direct consequence of Theorem 1.2.1, we have
Ž . QTHEOREM 1.3.1. The arieties Y w , wW , are irreducible, normal,Q
CohenMacaulay and hae rational singularities.
2. THE GRASSMANNIAN VARIETY G AND ITSd, n
SCHUBERT VARIETIES
In this section we spell out the results recalled in the previous section
for Schubert varieties in the Grassmannian variety G .d, n
2.1. Let us fix integers 1 d n and let V k n. The Grassmannian
G is the set of all d-dimensional subspaces U
 V. Recall the Plucker¨d, n
Ž d . Ž .  embedding p: G   V defined by p U  u   u , whered, n 1 d
 4u , . . . , u is a basis of U.1 d
2.2. The Set I . Define the setd, n
I  i i , . . . , i  1 i    i  n . 4Ž .d , n 1 d 1 d
nŽ .Then I has N elements, and the coordinates of the projectived, n d
Ž d .space   V will be indexed by the set I . Define a partial order d, n
on I by defining i j i  j , for all t.d, n t t
2.3. Plucker Coordinates. For i I , the ith component of p is de-¨ d, n
Ž .noted by p , or by p , where i i , . . . , i ; the p ’s, with i I ,i i , . . . , i 1 d i d, n1 d
are called the Plucker coordinates. Fixing a basis, say the standard basis¨
 4e , . . . , e for V, a point U in G is represented by a n d matrix A,1 n d, n
Ž .and for i I , p U is simply the d-minor of A with i , . . . , i as thed, n i 1 d
row indices.
For each i I consider the point e of G represented by the n dd, n i d, n
matrix whose entries are all 0, except the ones in the i th row and jthj
column, for each 1 j d, which are equal to 1. Clearly, for i, j I ,d, n
1, if i j;
p e Ž .i j ½ 0, otherwise.
Ž .2.4. Identification of GP with G . Let G SL n . Let P be thed d, n d




P  AG  A ,d 0 ½ 5ž /Žnd.d
W  S  S .P d ndd
Ž d .For the natural action of G on   V , we have that the isotropy at
   e   e is P while the orbit through e   e is G . Hence we1 d d 1 d d, n
obtain an identification f : GP G .d d d, n
Ž .2.5 Schubert Varieties of G . For i i , . . . , i  I , let V be thed, n 1 d d, n i
 4subspace of V spanned by e , . . . , e and let e be the correspondingi i i1 d
point in G . Then the T-fixed points in G are precisely e , i I , andd, n d, n i d, n
Ž . Žthe Schubert varieties in G are precisely X i  Be with the canoni-d, n P id
. Ž .cal reduced structure , i I . The Schubert variety X i is classicallyd, n Pd
denoted by X .i
We have X  X if and only if j i. Thus, under the set theoreticalj i
bijection between the set of Schubert varieties and the set I , thed, n
ŽChevalleyBruhat order on the set of Schubert varieties given by inclu-
.sion induces the partial order  on I .d, n
2.6. Equations Defining Schubert Varieties in the Grassmannian. In view
of Subsection 2.3, we have
p  0 i j.Xj i
The homogeneous ideal defining X for the Plucker embedding is the¨i
   4ideal in k X , 1 i n, 1 j d generated by p  i j .i j j
2.7. Ealuation of Plucker Coordinates on the Opposite Big Cell in GP .¨ d
Consider the morphism  : GG , where   f   being thed d, n d d , d
natural projection GGP , and f being as in Subsection 2.4. Thend d
Ž Ž ..p  g is simply the minor of g consisting of the first d columns and thej d
rows with indices j , . . . , j . Now, denote by Z the unipotent subgroup of1 d d
   4G generated by U   R R . We have Pd
I 0d dŽnd.
Z  G .d ½ 5A Iž /Žnd.d nd
We identify Z with the opposite big cell O in GP . Then, givend d d
z Z , the Plucker coordinate p evaluated at z is simply a certain minor¨d j
Ž .of A, which may be explicitly described as follows. Let j j , . . . , j ,1 d
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Ž .  4j 1, . . . , d , and let j be the largest entry  d. Let k , . . . , k be ther 1 dr
 4  4complement of j , . . . , j in 1, . . . , d . Then this minor of A is given by1 r
Žcolumn indices k , . . . , k , and row indices j , . . . , j here the rows of1 dr r	1 d
.A are indexed as d	 1, . . . , n . Conversely, given a minor of A, say, with
column indices b , . . . , b , and row indices i , . . . , i , it is the evalua-1 s ds	1 d
Ž .tion of the Plucker coordinate p at z, where i i , . . . , i may be¨ i 1 d
 4  4described as follows: i , . . . , i is the complement of b , . . . , b in1 ds 1 s
 4 Ž1, . . . , d , and i , . . . , i are simply the row indices again, the rows ofds	1 d
.A are indexed as d	 1, . . . , n . Thus we obtain a bijection between the set
Ž .4 Ž Ž . of all minors of A and I  12  d note that for j 1  d , p isZd, n j d
.the constant function 1 .
Ž . Ž . 2.8. The Ideal of the Opposite Cell Y i . Let i I , Y i  O P d, n P dd d
Ž . Ž Ž .. Ž . X i , and I Y i the ideal defining Y i as a closed subvariety of O .P P P dd d d
As a direct consequence of Subsection 2.6, we have,
Ž Ž ..   4THEOREM 2.8.1. Then I Y i is generated by p , j I , i j .Y Ž i.P j d, nPd d
Ž .3. SCHUBERT VARIETIES IN THE FLAG VARIETY SL n Q
In this section we review the background about Schubert varieties in
Ž .SL n Q. Specifically we describe the equations defining Schubert vari-
Ž .eties in SL n Q and their opposite cells, which we will need
Ž .Let G SL n , the special linear group of rank n 1. Let T be the
maximal torus consisting of all the diagonal matrices in G, and B the
Borel subgroup consisting of all the upper triangular matrices in G. We
Ž .  4have N T  all permutation matrices in G , i.e., the group of allG
matrices in G with a unique non-zero entry in each row and column. Then
it is seen easily that W gets identified with S , the symmetric group on nn
Ž Ž . Ž . Ž ..letters. Any w S is usually written as w 1 , w 2 , . . . , w n .n
3.1. The Partially Ordered set I . Let Q be a parabolic subgroup ina , . . . , a1 k
Ž .  4 ŽSL n . Let 1 a    a  n, such that S  S  , . . . ,  we1 k Q a a1 k  .follow 2 for indexing the simple roots . Then Q P   P , anda a1 k
W  S  S   S . LetQ a a a na1 2 1 k
I  i , . . . , i  I   I  i 
 iŽ .a , . . . , a 1 k a , n a , n t t	11 k 1 k
for all 1 t k 1 .4
Then it is easily seen that W Q may be identified with I .a , . . . , a1 k
ŽThe partial order on the set of Schubert varieties in GQ given by
. Žinclusion induces a partial order  on I , namely, for i i , . . . ,a , . . . , a 11 k
. Ž .i , j j , . . . , j  I , i j i  j for all 1 t k.k 1 k a , . . . , a t t1 k
Note that w Žat . i , 1 t k.t
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Ž .3.2. Equations Defining Schubert Varieties in SL n Q. Let Q be a
 4 Qparabolic subgroup. Let a , . . . , a  SS . Let wW . We have1 k Q
Ž  . Ž .THEOREM 3.2.1 cf. 15, 20 . The ideal sheaf of X w in GQ isQ
  4 Ža. 4 Ža.generated by p  i I , a a , . . . , a , w  i , where w is the a-tu-i a, n 1 k
Ž .ple corresponding to the Schubert ariety which is the image of X w underQ
the projection GQGP .a
3.3. The Opposite Big Cell in GQ. Let Qk P . Let a n a ,t1 a kt
and Q be the parabolic subgroup consisting of all the elements of G of
the form
A     1
0 A    2
. . . . .. . . . . ,. . . . .
0 0 0  A k	 0
0 0 0  0 A
Žwhere A is a matrix of size c  c , c  a  a , 1 t k heret t t t t t1
.a  0 , A is a matrix of size a a, and X  0, m a , l a ,0 ml t t
 1 t k. Denote by O the subgroup of G generated by U  
 4 R R . Then O consists of the elements of G of the formQ
I 0 0  0 01
 I 0  0 02
. . . . .. . . . . ,. . . . .
    I 0k	 0
     Ia
where I is the c  c identity matrix, 1 t k, I is the a a identityt t t a
matrix, and if X  0, with m l, then m a , l a for some t,ml t t
1 t k. Further, the restriction of the canonical morphism f : GGQ
 Ž .  to O is an open immersion, and f O  B e . Thus B e getsid, Q id, Q
identified with O.
Ž .  Ž .3.4. Ideal of the Opposite Cell in X w . Let us denote B e  C wQ id, Q Q
Ž . Ž .  Ž by Y w . We consider Y w as a closed subvariety of O O havingQ Q
 . Ž .been identified with B e . We have in view of Theorem 3.2.1id, Q
Ž . THEOREM 3.4.1. The ideal defining Y w in O is generated byQ
 Ža. 4p , i I , a a , . . . , a  w  i . 4Y Žw .i a , n 1 kQ
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FIGURE 1
4. MIXED LADDER DETERMINANTAL VARIETIES AND
THEIR RELATION WITH SCHUBERT VARIETIES
In this section we define a new class of ladder determinantal varieties,
determine their dimensions via Grobner basis techniques, and bring out¨
their relationship with Schubert varieties.
Ž .4.1. Definitions and Notations. Let X X , 1 bm, 1 a n,b a
be an m n generic matrix. The variable X will also be referred to asb a
Ž .just b, a . Given 1 b    b m, 1 a    a  n, let1 h 1 h
 4L X  there exists 1 i h such that b  bm , 1 a ab a i i
Ž .be a one-sided ladder in X, defined by the outside corners   b , a ,i i i
1 i h. Without loss of generality, we assume that b  1 and a  n.1 h
Let
 4L  X  b  bm , 1 a a .i b a i i
Then Lh L .i1 i
EXAMPLE 4.1.1. In Fig. 1, X is an 11 9 generic matrix, i.e., m 11,
n 9, and L is the one-sided ladder in X defined by the outside corners
Ž . Ž . Ž .1, 3 , 4, 7 , and 8, 9 . Then L is an 11 3-matrix, L is an 8 7-matrix,1 2
and L is a 4 9-matrix.3
    Ž .Let k L denote the polynomial ring k X , X  L , and let  L b a b a
L  Ž . h be the associated affine space. Let us fix t t , . . . , t   and let1 h 	
Ž .  I L denote the ideal of k L defined by the t -minors of X contained int i
Ž . Ž .L , 1 i h. Let D L 
 L denote the variety defined by the ideali t
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Ž . ŽI L we assume that the size of L is at least t  t , i.e., 1 i t t i i i i
 4min n b 	 1, a , and also that the vanishing of the t -minors in L isi i i i
not a consequence of the vanishing of t -minors in L for j i, i.e.,j j
a  a  t  t for 1 i h and b  b  t  t for 1 ii i1 i i1 i	1 i i i	1
. Ž .h . We call D L a ladder determinantal ariety associated to the one-sidedt
ladder L.
4.2. The Partial Order Among Minors. We shall denote the determinant
of the r r submatrix of X whose row indices are i    i and1 r
 column indices are j    j by i , . . . , i  j , . . . , j . We introduce a1 r 1 r 1 r
   partial order on the set of all minors of X as i , . . . , i  j , . . . , j  i ,1 r 1 r 1
   . . . , i  j , . . . , j ifs 1 s
r s and
i  i , i  i , . . . , i  i , j  j , j  j , . . . , j  j .r s r1 s1 rs	1 1 1 1 2 2 s s
 We say that an ideal I of k X is cogenerated by a given minor M if I is
  generated by the minors in the set M M a minor of X such that
 4M M .
4.3. The Monomial Order  and Grobner Bases. We introduce a total¨
order on the variables as
X  X    X  X  X    X   m1 m2 m n m11 m12 m1n
X  X    X .11 12 1n
This induces a total order, namely the lexicographic order, on the set of
   monomials in k X  k X , . . . , X , denoted by  . The largest mono-1 m n
Ž .  mial with respect to  present in a polynomial f k X is called the
Ž . Žinitial term of f and is denoted by in f . Note that the initial term with
.respect to  of a minor of X is equal to the product of its elements on
the skew diagonal.
  ŽGiven an ideal I
 k X , a set G
 I is called a Grobner basis of I with¨
. Ž .respect to the monomial order  if the ideal in I generated by the
initial terms of the elements in I is generated by the initial terms of the
elements in G. Note that a Grobner basis of I generates I as an ideal.¨
We recall the following
   THEOREM 4.3.1 12, Theorem 2.4 . Let M i , . . . , i  j , . . . , j be a1 r 1 r
 minor of X, and I the ideal of k X cogenerated by M. For 1 t r	 1, let
     G be the set of all t-minors i , . . . , i  j , . . . , j satisfying the conditionst 1 r 1 r
i i , i  i , . . . , i  i , 1Ž .t r t1 r1 2 rt	2
j  j , . . . , j  j , j  jt1 t1 2 2 1 1
if t r , then i  i or j  j . 2Ž .1 rt	1 t t
MIXED LADDER DETERMINANTAL VARIETIES 115
Then the set Gr	1 G is a Grobner basis for the ideal I with respect to the¨i1 i
monomial order  .
Ž . Ž . h4.4. The Ideal J X and the Set . Let t t , t , . . . , t   sucht 1 2 h 	
that t  t    t , and let 1 b  b    b m such that1 2 h 1 2 h
 b  b  t  t for 1 i h. Let J be the ideal of k X generatedi	1 i i i	1 t
 4by the t -minors in X  X  b  bm , 1 i h. For 1 i h, leti i b a i
 be the set consisting of all the t -minors in X such that the number ofi i i
rows contained in X is less than t , for all j, 1 j h, and  is the setj j h
h Ž .consisting of the t minors in X . Let   . Clearly J X ish h i1 i t
generated by .
Ž .PROPOSITION 4.4.1. The set  is a Grobner basis of J X , with respect to¨ t
the monomial order  .
Proof. Let M be the minor of X of size t  1 given by the last1
t  t rows of X  X , 1 i h and the last t  1 rows of X , andi i	1 i i	1 h h
Ž .the first t  1 columns of X. First we show that the ideal J X is1 t
    cogenerated by M. Let M i , . . . , i  j , . . . , j , and F M M1 t 1 1 t 11 1
4  M . Note that M M if and only if M contains at most t  1 rows ini
l   X , 1 i l. Thus F F , where F  M M contains at least ti i1 i i i
4 Ž . ² : Ž .rows in X . Now F 
 J X , 1 i h, and hence F 
 J X . On thei i t t
² : Ž . Ž . ² :other hand,  
 F , 1 i h, and   J X . Therefore J X  F ,i i t t
Ž .i.e., J X is cogenerated by M.t
Ž .The inequalities regarding j’s in condition 1 of Theorem 4.3.1 are
Ž . Ž .redundant in our case since j  t, 1 t t  1 ; also, condition 2t 1
 Žreduces to the condition that if t r, then i  i since j  t, and1 rt	1 t
 .hence j  j for all t, 1 t t  1 . Therefore, in our case the condi-t t 1
Ž . Ž .tions 1 and 2 are equivalent to
i i , i  i , . . . , i  i , andt t 1 t1 t 2 2 t t	11 1 1
if t t  1, then i  i .1 1 t t1
Note that the above inequalities imply i  i  i  i ; now, ift t	1 2 1 t t1 1
 4t t , . . . , t , then this is not possible, since i  i 	 1. Hence1 h t t	1 t t1 1
 4  4G  for t 1, . . . , t  t , . . . , t . It is easily seen that G  , fort 1 1 h t ii
1 i h. Therefore Theorem 4.3.1 implies that  is a Grobner basis for¨
Ž . .J X with respect to the monomial order  .t
Ž .4.5. A Grobner Basis of I L . In this subsection we find a Grobner¨ ¨t
Ž .basis of I L , which will be used in Subsection 4.6 in order to determinet
Ž .the dimension of D L .t
We recall the following well-known.
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 LEMMA 4.5.1. Let k X be the polynomial ring in the set of indeterminates
 X, I an ideal of k X , and G a Grobner basis of I with respect to a certain¨
monomial order. Let L
 X such that
   if fG and in f  k L , then f k L .Ž .
   Then the set G k L is a Grobner basis of the ideal I k L .¨
 Proof. Let g I k L . Since G is a Grobner basis of I, there exists¨
Ž . ² Ž .:   Ž .  fG such that in g  in f . Since g k L , we have in g  k L ,
Ž .      and hence in f  k L . By hypothesis, f k L , and hence fG k L .
 Therefore, the initial terms of the elements of G k L generate the
Ž  .ideal in I k L .
As a direct consequence, we obtain the following
Ž .PROPOSITION 4.5.2. Let L
 X be a one-sided ladder, t t , t , . . . , t1 2 h
h Ž .    such that t  t    t , and J L  k L the ideal generated by	 1 2 h t
Ž . Ž .  the t -minors in L X , 1 i h. Then J L  J X  k L is a Grobner¨i i t t
Ž .basis of J L with respect to the monomial order  .t
Ž .Proof. By Proposition 4.4.1,  is a Grobner basis of J X . By Lemma¨ t
  Ž .  4.5.1,  k L is a Grobner basis of the ideal J X  k L . On the other¨ t
  Ž .hand it is easily seen that  k L generates J L , and the resultt
follows.
Ž  .We recall the following result see 4 :
LEMMA 4.5.3. Let I and J be two homogeneous ideals of the polynomial
 ring k X , . . . , X . Let F be a Grobner basis of I, and let G be a Grobner¨ ¨1 n
basis of G. Then FG is a Grobner basis of I	 J if and only if for all f F¨
Ž . Ž Ž . Ž ..and gG there exists h I J such that in h  lcm in f , in g .
Let G be the set of t -minors contained in L with at most t  1i i i j
Ž . Ž .columns resp., rows contained in L for 1 j i resp., i j h . Letj
Gh G .i1 i
Ž .THEOREM 4.5.4. The set G is a Grobner basis of I L with respect to  .¨ t
Proof. If h 1, the assertion follows immediately from Theorem 4.4.1.
Let now L be a one-sided ladder determined by 2 outside corners  1
Ž . Ž . Ž .1, a ,   b , n , and let t t , t . Then by Theorem 4.5.2, the set G1 2 2 1 2
Ž .is a Grobner basis of I L with respect to the monomial order  .¨ t
Consider now a one-sided ladder defined by the outside corners
 Ž . Ž . Ž . Ž . , . . . ,  and t  t , . . . , t . Obviously, I L  I L 	 I L .1 h1 1 h1 t t t hh
Let F be the set of t -minors contained in L , 1 i h, and F i i i
h1 h  ² : ² : F , F F ; clearly F F  F . Since F  G and G
 F,i1 i i1 i h
Ž .it is enough to show that F is a Grobner basis of I L .¨ t
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Let f F , g F ; then there exists k, 1 k h 1, such thath
f F . Let H be the one-sided ladder defined by the outside corners k k
Ž . Ž . Ž .and  . Then F  F is a Grobner basis for I H  I L 	 I L .¨h k h Ž t , t . t k t hk h k h
Ž . Ž . Ž .By Lemma 4.5.3 there exists h I L  I L such that in h t k t hk h
Ž Ž . Ž ..lcm in f , in g . Now
I L  I L 
 I L 	 	I L 	 	I L  I LŽ . Ž . Ž . Ž . Ž . Ž .Ž .t k t h t k t k t h1 t hk h 1 k h1 h
 I  L  I L .Ž . Ž .t t hh
Ž . Ž . Thus h I L  I L , and Lemma 4.5.3 implies that F  F is at t h hh
Ž . Ž . Ž .Grobner basis of I L 	 I L , i.e., F is a Grobner basis of I L .¨ ¨t t h th
Ž .4.6. The Dimension of D L . In this subsection we determine thet
Ž .dimension of D L as the cardinality of some subset of L.t
For 1 j i h, define the subset
L  L L  L LŽ . Ž .i j i i	1 j j1
˙ Ž .of L, where L  L . Note that L L . see Fig. 2 .0 h	1 1 j i h i j
For 1 j i h, let
t min t  L 
 L . 4i j s i j s
Obviously, t  t for 1 i h. It is easily seen thati i i
t  t for 1 j i h , and t  t for 1 j i h.i , j1 i j i j i	1, j
Let 	 be the subset of L consisting of the elements in the firsti j i j
Ž . Ž .t  t resp., t  1 columns if 1 j h resp., j 1 , and the lasti j i, j1 i j
Ž . Ž . Ž .t  t resp., t  1 rows if 1 i h resp., i h . Let 	 L i j i	1, j i j t
 	 .1 j i h i j
Diagramamatically, the vertical and horizontal lines defining the ladder
L divide it into smaller rectangles, and inside each such rectangle R we
write the number
 4tmin t  R





For neighboring rectangles as in Fig. 3, we have t t.
Ž .The set 	 L 
 L is obtained according to the four rules shown in Fig.t
4, where the indeterminates contained in the shaded regions are to be
Ž . Žincluded in 	 L  written next to a side of some rectangle indicatest
that that rectangle has no neighbor on that side, i.e., that side is part of the
.border of the ladder .
Ž .Remark 4.6.1. We have t min t , t for 1 j i h.i	1, j1 i, j1 i	1, j
As a consequence, we obtain t  t  t  t and t  ti j i	1, j i, j1 i	1, j1 i j i, j1
 t  t for 1 j i h.i	1, j i	1, j1
EXAMPLE 4.6.2. For the ladder considered in Example 4.1.1, and for
Ž . Ž . Žt 2, 5, 3 , the set 	 L is obtained as in Fig. 5 the indeterminates int
Ž . .	 L are shown as thicker points .t
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FIGURE 5
THEOREM 4.6.3. We hae
dim D L  	 L .Ž . Ž .t t
Ž . 	 Ž .Proof. The ideal I L and the ideal I L of its initial terms deter-t t
 mine graded quotient rings of k L having the same Hilbert series, and
Ž .hence the codimension of the variety D L is equal to the height of thet
	 Ž .monomial ideal I L . In general, the height of a monomial ideal J in at
 polynomial ring k X , . . . , X is equal to the minimal cardinality of a set1 N
 4C
 X , . . . , X of variables such that1 N
each monomial in a set of monomial generators for J Ž .
contains a variable from C .
	 Ž . Ž .Let J I L and C L	 L . Then it is easy to see that C satisfiest t
Ž . , the set of monomial generators being the set of the initial terms of all
the t -minors in L , 1 i h by Proposition 4.5.4. Let us denote d i i k
˙ ˙ 4 ŽX  L  b	 a k	 1 , k 1. Then L d , and C Cb a k1 k k1
. d .k
  4     Let now C 
 X  X  L be a set such that C  C . Then thereb a b a
     Ž .exists a k such that C  d  C d in particular C d  . Letk k k
 4i 1, . . . , h be the largest such that d C
 L . Thenk i
      C  d  L  C  d  C d  d  L  t  1 .Ž . Ž .k i k k k i i
Ž . Therefore there exist t distinct variables in d  L C . Thus the initiali k i
term of the t -minor in L having these elements on the skew diagonali i
  Ž .does not contain any variable in C , and hence C does not satisfy  .
Therefore C is a set of minimal cardinality among the sets satisfying
Ž . , and the required result follows.
Ž .Remark 4.6.4. The dimension of D L is also equal to the cardinalityt
Ž .of the ‘‘thick border’’ 
 L consisting of all the elements of L not in thet
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  Žladder L , where L is defined by the outside corners b 	 t  1, a 	 t 	i i i i
.1 as in Fig. 6. One can prove this fact the same way we proved Theorem
Ž . Ž .4.6.3. Alternatively, one can note that the sets L	 L and L
 Lt t
Žhave the same cardinality, namely the number of all solid minors in G a
solid minor is a minor consisting of consecutive rows and consecutive
.columns ; the map assigning the upper-right corner, respectively lower-left
corner, of a minor is a bijection between the set of solid minors in G and
Ž . Ž .the set L	 L , respectively L
 L . Thus the codimension of thet t
Ž . Ž .LDV D L in the affine space  L is the number of solid minors in thet
minimal set of generators G of the defining ideal of the LDV.
Ž .4.7. Relationship between D L and Schubert Varieties. We begin byt
 stating two lemmas from 11 and then prove the main theorem about the
relationship between LDVs and Schubert varieties. The proof is in the
 same spirit as the proof of a similar result in 11 .
Ž . Let G SL n , 1 a    a  n, Q P   P . Let O be1 h a a1 h
Ž .the opposite big cell in GQ. Let X X , 1 b, a n, be a genericb a
n n matrix and H the one-sided ladder in X defined by the outside
Ž . Ž .   Ž  .corners a 	 1, a , 1 i h. Clearly,  H  O . Let X  X , 1i i b a
b, a n, where
X , if b , a HŽ .b a
 X b a 1, if b a
0, otherwise.
ai  Note that, given W , for some i, 1 i h, the function p O
represents the determinant of the a  a submatrix T of X whose rowi i
 Ž . Ž .4  4indices are  1 , . . . ,  a , and column indices are 1, . . . , a .i i
 4Let H  X  a 	 1 b n, 1 a a , 1 i h.i b a i i
We recall the following two lemmas.
 LEMMA 4.7.1 11, Lemma 4.1 . Let M be a t t matrix contained in H ,i
for some i, 1 i h, with row indices r    r . Then det M belongs to1 t
FIGURE 6
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    aithe ideal of k H generated by p , with   W such thatO
 Ž . Ž .4  4  4 1 , . . . ,  a  a 	 1, . . . , n  r , . . . , r .i i 1 t
 LEMMA 4.7.2 11, Lemma 4.2 . Let 1 t a a , 1 b n, andi
ai Ž .    W such that  a t	 1  b. Then p belongs to the ideal of k HO
generated by t-minors in X with row indices  b and column indices  a.
Now we are ready to state and prove the main result of this section.
Ž .THEOREM 4.7.3. Gien a ladder determinantal ariety D L associated tot
Ž .a one-sided ladder L, there exist integers n, r, a parabolic subgroup Q
 SL n ,
Ž . Ž . Ž . rand a Schubert ariety X w in SL n Q such that D L  is isomor-Q t
Ž . Ž .phic to Y w , the opposite cell in X w .Q Q
Proof. Let n be the size of a larger square matrix Y containing L
below its main diagonal. Let L be defined in Y by the outside corners
Ž .b , a , 1 i h. Let Q P   P . Let H be the one-sided ladderi i a a1 h
in Y given by the free variables appearing in the matrix giving the general
 Ž .form of the elements in O , the opposite big cell in SL n Q; then H is
Ž .the one-sided ladder defined by the outside corners a 	 1, a , 1 i h.i i
   Let r H  L .
Q Ž .Now we define an element wW associated to the variety D L .t
The elements w Žai., 1 i h, are defined inductively as follows: w Žai.

  Ž .1, n is the unique maximal a -tuple such thati
Ž . Žai.Ž .1 w a  t 	 1  b  1i i i
Ž . Žai.  42 w  1, . . . , b  1 consists of a block of t  t consecutivei j1, i ji
integers ending with b  1 for i j h, and a block of t  1 consecu-j h i
tive integers ending with n
Ž . Žai1. Žai.3 w 
 w for 1 i h.
Q Ž . Ž . Ž .The existence of wW satisfying 1 , 2 , and 3 is assured by the
inequalities satisfied by the integers t , 1 j i h, in Subsection 4.1i j
and Remark 4.6.1.
Žai. Ž .Note that the blocks of consecutive integers in w given by 2 above
Ž .correspond to the indices of the rows of L L contained in 	 L .i i1 t
Let f det M, where M is a t  t matrix contained in L for somei i i
Ž Ž ..1 i h, be a generator of I D L . Then M is contained in H . Byt i
  aiLemma 4.7.1, f can be written in the form fÝg p , with WO 
 Ž . Ž .4  4  4  such that  1 , . . . ,  a  a 	 1, . . . , n  r , . . . , r , and g  k Hi i 1 t i
Ž . Žhere r , . . . , r are the row indices of M . In particular, we have  a  t1 t i ii
.	 1  r . Since M is contained in L , we have r  b , and hence1 i 1 i
Ž . Žai.Ž . Ž a  t 	 1  b . We have w a  t 	 1  b  1, and hence  ai i i i i i i
. Žai.Ž . Ža i. t 	 1  w a  t 	 1 . This shows that  w , and thereforei i i
Ž Ž .. Ž Ž ..p  I Y w . Thus f I Y w . Q Q
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Ž Ž ..  Let now g be a generator of the ideal I Y w ; i.e., g p , withOQ 
W ai for some i, 1 i h, such that  w Žai.. Since w Žai. consists of
Žseveral blocks of consecutive integers ending with b  1 at the a  t 	j i ji
.  41 st place, for some j i, . . . , h , and a last block ending with n at the
Ž .a th place, it follows that  a  t 	 1  b for some j. Using Lemmai i ji j
   4.7.2, we deduce that p belongs to the ideal of k H generated byO
t -minors in L with row indices  b , and column indices  a . Thusji j i
 p belongs to the ideal generated by t -minors contained in L  L .O ji i j
 4Now, since t min t  L 
 L , there exists an index 1 s h suchji s ji s
 that L 
 L and t  t . Then L  L 
 L , and we deduce that p Oji s ji s i j s 
belongs to the ideal generated by the t minors contained in L . Wes s
Ž Ž ..conclude that g I D L , and the proof is complete.t
EXAMPLE 4.7.4. For the one-sided ladder L considered in Example
Ž .4.1.1, and for t 2, 5, 3 , we can take n 16, and L
 Y is defined by
Ž . Ž . Ž .the outside corners 6, 3 , 9, 7 , and 13, 9 . We have Q P  P  P 
3 7 9
Ž . Q Ž3. Ž  . Ž7.SL 16 , and r 16. The wW is given by w  4, 5, 16 , w 
Ž    . Ž9. Ž  . Ž4, 5, 8, 11, 12 , 15, 16 , w  4, 5, 8, 9, 10, 11, 12, 15, 16 the blocks of
Ž .consecutive integers given by condition 2 in the definition of w are
.written within square brackets . See Fig. 7.
Theorem 4.7.3 together with Theorem 1.3.1 yields
Ž .THEOREM 4.7.5. The ariety D L is irreducible, normal, CohenMa-t
caulay, and has rational singularities.
5. LOCALISATION RESULTS
Our main goal in the next two sections is to determine the divisor class
Ž .   Ž .group and the singular locus of the ring R L  k L I L , as well as tot t
determine when it is Gorenstein, all by algebraic methods. In the process
Ž .we shall also show that R L is a localisation at a single element of at
Ž .classical ladder determinantal ring that is, one with equal-size minors ,
Ž .and therefore we see that D L is a basic open set of a classical laddert
determinantal variety. In this section we develop the main localisation
results, and in the next section we use them to determine the above-men-
Ž .tioned properties of R L .t
Notation 5.0.6. As in the earlier sections of the paper, L will denote a
one-sided ladder of indeterminates X with upper outside corners  b a i
Ž .b , a , i 1, . . . , h, determining regions L . For any sequence of positivei i i
Ž .integers t t , . . . , t , define the following sets and ideals. For each1 h
Ž .i 1, . . . , h, let G G L be the set of minors of size t in region L ;t t i i ii i
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FIGURE 7
Ž . Ž .let G G L denote the full set of generators of I L , i.e., G G .t t t t t i
Next, for each i, let Z denote the first t  1 rows of the region L , andi i i
 Ž . Ž .Z the last t  1 columns of L . Then let P be the ideal I Z 	 I Li i i i t 1 i ti
   Ž  . Ž . of k L , and let P be the ideal I Z 	 I L . We will let  and i t 1 i t i ii
Ž . Ž .denote the images of these ideals in the ring R L see Example 6.4.1 .t
Remark 5.0.7. In Lemma 5.1.4 and in the proof of Theorem 6.2.1, we
are forced to consider slightly more general ladders: one for which some of
Žthe upper outside corners lie in the same row or column i.e., we may have
b  b or a  a for some values of i, but never both for the samei i	1 i i1
.value of i . Similar results hold for these more general ladders; however,
we did not wish to prove the main results in such extreme generality.
5.1. Localisation Lemma. We shall employ the usual inversion trick,
which is extended to this class of determinantal rings in the next lemma. In
order to be able to state the lemma we need first to establish some further
notation.
DEFINITION 5.1.1. Given such a ladder L and a fixed entry X in L,b a
˜we define a new ladder L as follows. Suppose that X is in the regions Lb a i
˜for r i s only. Then let L be the ladder obtained from L in the
following way:
Ž .a by moving the part of row b which lies in region L up to justr1
Žabove region L i.e., the indeterminates X , X , . . . , X are placedr b1 b2 b, a 1r1
.between row b  1 and row b ,r r
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Ž .b by moving the part of column a which lies in region L overs	1
Žjust to the right of region L i.e., the indeterminates X , X ,s b 	1, a b 	2, as	1 s	1
.. . . , X are placed between column a and column a 	 1 , andm , a s s
Ž .c by removing the remaining indeterminates in row b and column
a from the ladder.
˜Now, L is simply the one-sided ladder in which the regions L of L fori
which r i s have been reduced by one in height and width, and so it
has the same shape as the ladder with outside corners
b , a , . . . , b , a ,Ž . Ž .1 1 r1 r1
b 	 1, a  1 , b 	 1, a  1 , . . . , b 	 1, a  1 ,Ž . Ž . Ž .r r r	1 r	1 s s
b , a , . . . , b , a .Ž . Ž .s	1 s	1 h h
˜However, for the purposes of the lemma, the variables in L, as well as
˜Ž .those removed in step c above, will be denoted by X , where the indicesi j
agree with those of the X from which they came instead of being thei j
Ž .natural ones for that shape of ladder see the examples below .
˜ ˜The regions of the new ladder L will be denoted by L , and thei
Žassociated sequence of positive integers giving the sizes of minors to be
.considered in each region will be
˜ ˜ ˜t t , . . . , t  t , . . . , t , t  1, . . . , t  1, t , . . . , t ,Ž .Ž .1 h 1 r1 r s s	1 h
i.e., where 1 has been subtracted from only those t with r i s. Also,i
˜ ˜ ˜˜ ˜Z will denote the first t  1 rows of L and Z the last t  1 columns ofi i i i i
˜ ˜ ˜ ˜ ˜ ˜Ž . Ž . Ž .L , and we let P and P be the ideals I Z 	 I L and I Z 	˜ ˜ ˜i i i t 1 i t t 1 ii i˜ ˜Ž .  I L of k L , respectively.t˜
EXAMPLE 5.1.2. If we take X  X andb a 64
X X X11 12 13
X X X21 22 23
X X X X X31 32 33 34 35
X X X X X41 42 43 44 45
X X X X X XL 51 52 53 54 55 56
X X X X X X61 62 63 64 65 66
X X X X X X71 72 73 74 75 76
X X X X X X X81 82 83 84 85 86 87
X X X X X X X ,91 92 93 94 95 96 97
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then
X X X11 12 13
X X X21 22 23
X X X61 62 63
X X X X31 32 33 35
˜ X X X XL 41 42 43 45
X X X X X51 52 53 55 56
X X X X X71 72 73 75 76
X X X X X X X81 82 83 85 86 84 87
X X X X X X X ,91 92 93 95 96 94 97
and the variables X , X , X , X , X , X , and X are removed34 44 54 64 74 65 66
completely. In this example, h 4, r 2, and s 3.
EXAMPLE 5.1.3. If, on the other hand, we take X  X andb a 44
X X X X X X11 12 13 11 12 13
X X X X X X21 22 23 21 22 23
X X X X X X X31 32 33 34 41 42 43˜L , then L
X X X X X X X41 42 43 44 31 32 33
X X X X X X X51 52 53 54 51 52 53
X X X X X X X ,61 62 63 64 61 62 63
and the variables X , X , X , and X are removed completely. In this34 44 54 64
˜example, h 2 and r s 2. The important thing to remember about L
in this example is that it is still considered to have two upper outside
corners, namely X and X .13 33
Now we are ready to state the main localisation lemma.
LEMMA 5.1.4. Let L be a one-sided ladder of indeterminates with shape as
˜described aboe. Let X  L and form L as described in Definition 5.1.1.b a
Then there is an isomorphism
1  : A k L X  Bb a
1˜ ˜ ˜ ˜ ˜ ˜  k L X , . . . , X , X , . . . , X Xb , a 	1 b , a b , a b 1, a b ar1 s r s	1
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induced by the assignment
 1˜ ˜ ˜ ˜X 	 X X X , if i b , j a, and X  Li j ia b j b a i j lX  for some r l si j X˜ , else.i j
Furthermore, if all t  2, then the isomorphism  takes the extensions in Ai
Ž . Ž . of the ideals I L , I L , P , and P to the extensions in B of the idealst i t i ii
˜ ˜ ˜ ˜Ž . Ž .I L , I L , P , and P , respectiely. In particular, we get an isomorphism˜ ˜t i t i ii
1 : R L XŽ .t b a
1˜ ˜ ˜ ˜ ˜ ˜ R L X , . . . , X , X , . . . , X X .Ž .t˜ b , a 	1 b , a b , a b 1, a b ar1 s r s	1
Remark 5.1.5. Note that we are allowing that possibility that the ladder
L˜ may be of the slightly more general type mentioned in Remark 5.0.7,
that is, some of the upper outside corners may lie above or beside one
Ž .another e.g., see Example 5.1.3 . However, we are assuming that the
ladder L with which we begin is not of this more general type.
Proof. Consider the map
1˜ ˜ ˜ ˜ ˜ ˜  : B k L X , . . . , X , X , . . . , X X  Ab , a 	1 b , a b , a b 1, a b ar1 s r s	1
1  k L Xb a
induced by the assignment
 1X  X X X , if i b , j a, and X  L ,i j i a b j b a i j lX˜  some r l si j X , else.i j
Clearly  and  are inverses.
e ˜ e eŽ Ž . . Ž . Ž .Next we show that  I L  I L , where denotes the exten-˜t i t ii i
 sion of the ideal in the appropriate ring. We will use i  i  j  j to1 t 1 t t
denote the t-minor corresponding to rows i , . . . , i and columns j , . . . , j1 t 1 t
Ž .and the subscript is just a reminder of the size of minor considered . The
symbol over an index will mean that that particular row or column hasˆ
been omitted.
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Case 1
Suppose that r i s, i.e., that X lies in L . This case is essentially ab a i
classical result, but we give a proof here in order to be able to refer to the
steps in the proof of the other case.
 For any t -minor M i . . . b . . . i  j . . . a . . . j involving X , per-i 1 t 1 t t b ai i i
forming elementary row operations using row b or column a shows that
˜ ˜ M  X M ,Ž . b a
˜ ˆ ˜ ˜ where M is the minor i . . . b . . . i  j . . . a . . . j of L. Thus, since Xˆ1 t 1 t t 1 b ai i i
˜ e ˜ eŽ . Ž .is a unit, we see that all the generators of I L  I L are in thet˜ i t 1 ii i
image of , and all that remains to be shown is that for any generator M
˜ eŽ . Ž . Ž .of I L not involving X we have  M  I L . We consider two˜t i b a t ii i
subcases.
Ž .Subcase a . If M involves row b, then row operations again reduce the
submatrix which yields M to one with entries X  X X X1 every-i j i a b j b a
where except in row b. Expanding to the determinant along row b and
Ž . Ž .applying  shows that  M is a B-linear combination of t  1 -minorsi
˜ Žof L . The same argument with column operations replacing row opera-i
.tions applies if M involves column a.
Ž .  Subcase b . If M i . . . i  j . . . j involves neither row b nor1 t 1 t ti i i
column a, then enlarge the submatrix which yields M to a hypothetical
Ž . Ž .  1 1 t 	 1  t 	 1 matrix with first row 1, X X , . . . , X X and firsti i b j b a b j b a1 t i
 column 1, 0, . . . , 0 . This has the same determinant as the original matrix,
but can also be row-reduced to modify all the entries to X  X X X1i j i a b j b a
except for those in the first row. Expanding twice then, first along the first
column and then along the first row of each t -minor produced, andi
Ž . Ž .applying  shows that  M is a B-linear combination of the t  1 -i
˜minors of L .i
Case 2
e ˜ eŽ Ž . . Ž .Suppose that X  L . First we show that  I L  I L . Letb a i t i t ii i
 M i . . . i  j . . . j be a t -minor in the region L . If M involves row b1 t 1 t t i ii i i
Ž .or column a, then use row or column operations as in subcase a above to
modify only those entries which lie in some L with r j s, but do notj
lie in row b or column a. Then we see that
˜ M M ,Ž .
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˜ ˜ where M is the minor i . . . i  j . . . j of L. Notice that the variables1 t 1 t ti i i˜ ˜involved in M lie in L .i
 If M i . . . i  j . . . j involves neither row b or column a, then, as1 t 1 t ti i i
Ž . Ž .in subcase b above, enlarge the submatrix which yields M to a t 	 1 i
Ž .  1 1 t 	 1 matrix with first row 1, X X , . . . , X X and first columni b j b a b j b a1 t i 1, 0, . . . , 0 . Again this has the same determinant as the original matrix.
Ž .Perform row operations as in subcase b , but this time modify only those
entries which lie in some L with r j s. By expanding only along thej
Ž .first column this time and applying , we see that  M is a B-linear
˜combination of the t -minors of L .i i
e ˜ eŽ Ž . . Ž .Thus we have shown that  I L  I L . To see that equalityt i t ii i
˜ ˜holds, take any generator M, a t -minor of L . Replace every entry in thei i
˜ ˜ ˜Ž .submatrix of X ’s which yields M by  X and call the determinant ofi j i j
the resulting matrix M. Using the linearity of the determinant in the
columns of a matrix, one can express M as an A-linear combination of
determinants of submatrices of L, all of which lie in region L . Thusi
˜ e ˜Ž . Ž . M is in I L . Since  is inverse to  , this shows that M is int ii
Ž Ž .e. I L , and we are done with Case 2.t ii
e ˜eŽ . Ž .The same arguments as for I L above easily show that  P  Pt i i ii e e˜ŽŽ . . Ž .and  P  P .i i
Remark 5.1.6. By the same reasoning it is easy to see what a larger
 class of ideals k L maps to under , but we will only need the ideals
mentioned above.
Ž .5.2. Description of D L as a Basic Open Set of a Classical LDV. Wet
now know that inverting an entry X of L reduces by one the size ofb a
minors considered in the regions L which contain X . In particular,i b a
inverting an upper outside corner reduces the sizes of minors considered
only in the ith region. So, larger ladders with equal-size minors can be
localised repeatedly at outside upper corners to form the ladders with
different-size minors in the different regions L which are the ladders thati
Žwe consider in this paper. Exactly what shape of larger ladder and with
.what constant size of minors would yield a given L with minors of size ti
in each region L is determined in Proposition 5.2.2 below. Likewise, as isi
also shown in the proposition, one can localise L repeatedly at the
appropriate upper outside corners to reduce the larger t ’s until the sizesi
of minors considered in each region are equal.
Assumptions 5.2.1. For our purposes, we may as well assume that none
Ž .of the variables in L is an indeterminate in R L . This is because under at
 polynomial extension R R X the divisor class group remains the same
Ž  . Ž  . Ž .and the singular loci are related by Sing R X  V I X if Sing R 
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Ž .  V I . Also, R is Gorenstein if and only if R X is Gorenstein. The
Ž .analogous statements hold for the extension R R X . The condition
Ž .that none of the variables in L is an indeterminate in R L easilyt
translates to the following two conditions: that each region L is at least ti i
wide and t tall and that for each i we have b 	 t  b 	 t andi i i i	1 i	1
a  t  a  t . The second condition ensures that no corners disap-i i i1 i1
pear when one forms the ladders L and L from the ladder L asmax min
described in the following proposition.
PROPOSITION 5.2.2. Let L be a one-sided ladder of indeterminates with
Ž .shape as described aboe, and let t t , . . . , t satisfy the assumptions1 h
Ž .  4stated just aboe 5.2.1 . Let t max t , . . . , t . Then let L be themax 1 h max
ladder formed from L by enlarging L along its upper border by a strip that
increases the width and height of each L , 1 i h, by t  t units, thati max i
is, L is the ladder with upper outside cornersmax
b  t  t 	 t  t , a 	 t  t .Ž . Ž . Ž .Ž .i max i max 1 i max i
 4Likewise, let t min t , . . . , t , and let L be the ladder formed from Lmin 1 h min
by remoing an upper border which decreases the width and height of each L ,i
1 i h, by t  t , that is, L is the ladder with upper outside cornersi min min
b 	 t  t  t  t , a  t  t .Ž . Ž . Ž .Ž .i i min 1 min i i min
Ž . Ž .Then there exist elements x R L and y R L and ariablest max tma x
U , . . . , U , V , . . . , V such that1 i 1 j
1 1 1   R L x  R L U , . . . , U U , . . . , UŽ . Ž .t max t 1 i 1 ima x 0
1 1 1R L y  R L V , . . . , V V , . . . , V ,Ž . Ž .t t min 1 j 1 jmin 0
where i  i and j  j. Thus  and  are prime ideals of height one0 0 i i
Ž .in R L .t
Ž .Proof. The idea is to keep localising R L at the appropriatet maxma x
Ž .upper outside corners of L and the resulting ladders using the lemmamax
until the sizes of minors considered in the regions are t , . . . , t , and,1 h
Ž .similarly, to keep localising R L at the appropriate outside upper cor-t
Ž .ners of L and the resulting ladders using the lemma until the sizes of
Ž .minors considered in the regions are equal and equal to t . Themin
products of each series of elements which were inverted give the desired
elements x and y, respectively. The fact that  and  are prime ideals ofi i
Ž .height one in R L then follows from the first part by using the result thatt
Ž .the corresponding ideals of R L are prime ideals of height one byt maxma x
 4, Propositions 3.3.6, 3.3.7 .
GONCIULEA AND MILLER130
EXAMPLE 5.2.3. Consider the ladder
X X X11 12 13
X X X21 22 23
X X X X X X31 32 33 34 35 36
X X X X X X41 42 43 44 45 46L
X X X X X X51 52 53 54 55 56
X X X X X X61 62 63 64 65 66
X X X X X X X71 72 73 74 75 76 77
X X X X X X X81 82 83 84 85 86 87
Ž . Ž .with data t t , t , t  3, 4, 2 . This example satisfies the assumptions1 2 3
on t, and so we can form L and L . We see that L is the laddermax min max
X X X X11 12 13 14
X X X X21 22 23 24
X X X X31 32 33 34
X X X X X X41 42 43 44 45 46
X X X X X XL  51 52 53 54 55 56max
X X X X X X X X X61 62 63 64 65 66 67 68 69
X X X X X X X X X71 72 73 74 75 76 77 78 79
X X X X X X X X X81 82 83 84 85 86 87 88 89
X X X X X X X X X81 82 83 84 85 86 87 98 99
Ž .with minors of size t  4, and that the element x R L inmax t maxma x




X X X XL  41 42 43 44min
X X X X51 52 53 54
X X X X X X X61 62 63 64 65 66 67
X X X X X X X71 72 73 74 75 76 77
Ž .with minors of size t  2, and the element y R L in Propositionmin t
5.2.2 is X X X .13 36 45
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6. THE DIVISOR CLASS GROUP, THE SINGULAR
LOCUS, AND GORENSTEINNESS
Ž Ž ..In this section we compute the divisor class group Cl R L andt
Ž Ž ..singular locus Sing R L for a one-sided ladder with upper outsidet
Ž . Ž .corners   b , a for 1 i h with t t , . . . , t as before. We alsoi i i 1 h
Ž .determine that t and L for which the ring R L is Gorenstein.t
Ž .6.1. The Diisor Class Group. The divisor class group Cl R of a normal
domain R measures how close R is to having unique factorization, in the
sense that it is trivial if and only if R is a unique factorization domain. Let
˜1Ž . Ž .X R denote the set of height one prime ideals of R. Elements of Div A
  Ž .1are written in the form Ý n   . Let Div R denote the free˜ X Ž A. 
˜1Ž .abelian group   on the set X R . For any element f in R1˜ X Ž R.
define
 div f   f   ,Ž . Ž .Ý 
1˜ Ž .X R
where  denotes the valuation of the discrete valuation ring R . Then the 
Ž . Ž . Ž .divisor class group of R is defined as Cl A Div A Prin A , where
Ž . Ž .Prin A is the subgroup generated by the elements div f for f R.
Ž  .We will need the following well-known result see, for example, 9 .
LEMMA 6.1.1. For any normal domain A and multiplicatiely closed set
S
 A, the map
Cl A  Cl S1AŽ . Ž .
   1 which takes  to S  is surjectie. Also, the maps
 Cl A  Cl A XŽ . Ž .
 1 Cl A  Cl A X , XŽ . Ž .
   e which take  to  are isomorphisms.
THEOREM 6.1.2. Let L be a one-sided ladder as aboe, and let t,  , andi
 be as defined in the preious section. In particular, assume that t satisfiesi
Ž Ž ..Assumptions 5.2.1. Then the diisor class group Cl R L is a free abeliant
 4h     group on the set  . Furthermore,    .i i1 i i
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Proof. Let L , L , t , and t be defined as in Proposition 5.2.2.max min max min
Then by that proposition there exist elements x and y and variables
U , . . . , U , V , . . . , V such that1 i 1 j
1 1 1   R L x  R L U , . . . , U U , . . . , UŽ . Ž .t max t 1 i 1 ima x 0
1 1 1R L y  R L V , . . . , V V , . . . , V ,Ž . Ž .t t min 1 j 1 jmin 0
where i  i and j  j. So, by the lemma above there are two canoni-0 0
cal maps
f g
Cl R L Cl R L Cl R L ,Ž . Ž . Ž .Ž .Ž . Ž .t max t t minma x min
both of which are surjective.
We recall that the divisor class groups of ladder determinantal rings with
Ž . Ž .ideals generated by equal-size minors, such as R L and R L ,t max t minma x min
Ž  .are known see 4, 5 : let H denote such a one-sided ladder with h steps
Ž .  and R H the quotient of k H by the ideal generated by the t-minors oft
Ž . Ž . Ž .H. Then let  H denote the ideal of R H generated by the t 1 -i t
 Ž .minors of the first t 1 rows of the ith region H of H, and let  Hi i
Ž . Ž .denote the ideal of R H generated by the t 1 -minors of the lastt
 t 1 columns of H . By 4, Propositions 3.3.6, 3.3.7, and Theorem 3.2.9i
these are all prime ideals of height one and the divisor class group
Ž .  Ž .4hof R H is free of rank h on  H . Also, one has the equalityt i i1
 Ž .   Ž . Ž Ž .. H   H in Cl R H .i i t
Ž . Ž .So, the divisor class groups of R L and R L are both freet max t minma x min
 Ž .4  Ž .4of rank h on the sets  L and  L , respectively, and we havei max i min
that
  L   L and  L   LŽ . Ž . Ž . Ž .i max i max i min i min
Examining the maps f and g, one sees from Lemma 5.1.4 that
   f  L   and g    LŽ . Ž .Ž .Ž .i max i i i min
and also that
      f  L   and g    L .Ž . Ž .Ž .Ž .i max i i i min
Ž Ž ..Therefore, both f and g must be isomorphisms, and Cl R L is a freet
 4h     abelian group on the set  , as claimed, and the identity   i i1 i i
Ž Ž ..holds in Cl R L .t
 4h Ž .Remark 6.1.3. Knowing that the ideals  are prime in R L , thei i1 t
divisor class group can also be computed directly: the standard trick of
inverting each of the solid t -minors  involving the upper outside cornersi i
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yields a localisation at Ł of the polynomial ring in the variablesi
sitting in a strip along the upper border of L that is t wide in each regioni
Ž  .L , and then by Nagata’s Theorem see 9 the class group is generated byi
Ž .the minimal primes of the  ’s. Relations stemming from the straighten-i
 Ž .ing laws on each rectangular region L imply that   
  . From thisi i i i
Ž . one sees that      , and one arrives at the same conclusioni i i
as above.
6.2. The Singular Locus. The singular locus of a ring R is defined to be
Ž .the subset of Spec R given by those prime ideals P such that the
localisation R is a regular local ring. In this theorem we determine theP
Ž .irreducible components in the singular locus of R L .t
THEOREM 6.2.1. Let L be a one-sided ladder as aboe and suppose that
Ž .   Ž .t  2 for each i. Then the singular locus R R L  k L I L is thei t t
union
h I LŽ .t , . . . , t 1, . . . , t1 i hV ž /I LŽ .ti1
Ž .and these are the irreducible components . In other words, if P is a prime
h Ž Ž .ideal of R, then R is regular if and only if P	 I L P i1 t , . . . , t 1, . . . , t1 i h
Ž ..I L .t
Ž Ž . Ž ..Proof. Abbreviate I L I L to I . By Theorem 4.7 theset , . . . , t 1, . . . , t t i1 i h
are all prime ideals. Let P be a prime ideal of R. Consider the maximal
Ž . Ž . Ž .ideal  I L I L , where 1 1, 1, . . . , 1 . Then the localisation1 t
     R  k L I L  k L I k LŽ .Ž . I II I t t1 11 t
is not regular since I  I 2. So we may assume that some variable X  Lt 1 b a
is not in P.
˜ ˜Ž . ˜Let R denote the ring R L and note that t  t for at least one j. Byt˜ j j
Lemma 5.1.4 there is an isomorphism
1 1˜ ˜ ˜ : R X  R X X ,b a b , a 	1, . . . b ar1
Žexcept in the exceptional case of the lemma when a corner is lost in going
˜ ˜ 1 ˜. Ž  .from L to L , which we will deal with below. Let P be  P X  R.b a
˜Then since the ideals I are prime ideals, P containsi
˜I LŽ .˜ ˜ ˜t , . . . , t 1, . . . , t1 i h ˜I LŽ .t˜t˜1i
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if and only if P contains
I LŽ .t , . . . , t 1, . . . , t1 i h , I LŽ .tt˜1i
˜and R is regular if and only if R is regular. By induction on the sum ofP˜ P
the t , we are done unless all t equal 2 and X is in all L . In that case,i i b a i
˜t˜  1 for all i and so R is regular.˜i P
It only remains to investigate what happens in the exceptional case of
the lemma: if X is in some row with b b and b  b 	 1 or inb a i i	1 i
˜some column with a a and a  a 	 1, then in forming L a corneri	1 i	1 i
of the ladder disappears and we must be more careful. We may assume
that all variables in L that do not have these conditions are in P, or else
the previous argument could be applied. It is enough then to take the
multiplicative set S generated by all the variables with these exceptional
conditions and to see that S1R is nonregular unless all the t equal 2 andi
all the regions contain elements of S. But this is clear since, using Lemma
5.1.4, we can see that the defining ideal of S1R is contained in the square
of the homogeneous maximal ideal unless all t equal 2 and all regionsi
contain elements of S.
Ž .Remark 6.2.2. Equivalently, the irreducible components of D L aret
D L , for i 1, . . . , h.Ž .t , . . . , t 1, . . . , t1 i h
One can give an alternate proof of this result using the techniques for
 finding the singular loci of the LDVs considered in 11 .
 6.3. Gorensteinness. For the definition of a Gorenstein ring, see 16 .
 The conditions for Gorensteinness can be derived from Conca’s results 5
for the case of ladders with equal-size minors as follows.
THEOREM 6.3.1. Let L be a one-sided ladder as aboe with upper outside
Ž .corners   b , a for 1 i h with 1 b    b m and 1 ai i i 1 h 1
   a  n. We may assume that t satisfies Assumptions 5.2.1. Thenh
Ž .R L is Gorenstein if and only if the following equations are satisfiedt
m t  n t1 h
and
b 	 t  a  t m n	 t 	 1 for 1 i h 1.Ž . Ž .i	1 i	1 i i h
Proof. Again, let L , L , t , and t be defined as in Propositionmax min max min
5.2.2 of the previous section. Then by that proposition there exist elements
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x and y and variables U , . . . , U , V , . . . , V such that1 i 1 j
1 1 1   R L x  R L U , . . . , U U , . . . , UŽ . Ž .t max t 1 i 1 ima x 0
1 1 1R L y  R L V , . . . , V V , . . . , V ,Ž . Ž .t t min 1 j 1 jmin 0
 where i  i and j  j. By 5, Theorem 4.9 , with the coordinates trans-0 0
Ž .lated into those used in this paper, the conditions for R L to bet maxma x
Ž .Gorenstein and those for R L to be Gorenstein are the same, andt minmin
they are the equations listed above. So, by the localisation statements
above and by the fact that a ring R is Gorenstein if and only if the
 polynomial extension R X is Gorenstein, these are exactly the conditions
Ž .for R L to be Gorenstein.t
Remark 6.3.2. It is also possible to determine the representation of the
Ž .canonical module  in the divisor class group of R L in terms of theR t
basis given in Theorem 6.1.2 by applying Conca’s result 4, Proposition
3.4.10 for ladders with equal-size minors.
6.4. An Example
EXAMPLE 6.4.1. For the ladder
X X X11 12 13
X X X21 22 23
X X X X X X31 32 33 34 35 36
X X X X X X41 42 43 44 45 46L
X X X X X X51 52 53 54 55 56
X X X X X X61 62 63 64 65 66
X X X X X X X71 72 73 74 75 76 77
X X X X X X X81 82 83 84 85 86 87
Ž . Ž . Ž .with data t t , t , t  3, 5, 2 , the divisor class group of R L is1 2 3 t
3      isomorphic to  with generators  ,  , and  , where1 2 3
X X X11 12 13
  I 	 I L ,Ž .1 2 tž /X X X21 22 23
X X X X X X31 32 33 34 35 36
X X X X X X41 42 43 44 45 46
  I 	 I L ,Ž .2 4 tX X X X X X51 52 53 54 55 56	 0X X X X X x61 62 63 64 65 66
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and
  X , X , X , X , X , X , X 	 I L .Ž . Ž .3 71 72 73 74 75 76 77 t
Ž .The singular locus of R L has 3 components, namelyt
I L I L I LŽ . Ž . Ž .2, 5, 2 3, 4, 2 3, 5, 1
V , V , and V ,ž / ž / ž /I L I L I LŽ . Ž . Ž .t t t
Ž .and R L is not Gorenstein.t
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